This paper studies the secondary's rotation in a synchronous binary asteroid system in which the secondary enters the 1:1 spin-orbit resonance. The model used is the planar full two-body problem composed of a spherical primary plus a tri-axial ellipsoid secondary. Compared with classical spin-orbit work, there are two differences: (1) Influence on the mutual orbit from the secondary's rotation is considered; (2) Instead of the Hamiltonian approach, the approach of periodic orbits is adopted. Our studies find: (1) Genealogy of the two families of periodic orbits is same as that of the families around triangular libration points in the restricted three-body problem. That is, the long-period family terminates onto a short-period orbit travelling N times; (2) In the limiting case where the secondary's mass is negligible, our results can be reduced to the classical spin-orbit theory, by equating the long-period orbit with the free libration, and by equating the short-period orbit with the forced libration caused by orbit eccentricity. However, the two models show obvious differences when the secondary's mass is non-negligible. (3) By studying the stability of periodic orbits, for a specific binary asteroid system, we are able to obtain the maximum libration amplitude of the secondary (which is usually less than 90°), and the maximum mutual orbit eccentricity which does not break the secondary's synchronous state. We also find the anti-correlation between the secondary's libration amplitude and the orbit eccentricity. The (65803) Didymos system is taken as an example to show the results.
INTRODUCTION
The synchronous state is widespread in the solar system, from the Sun-planet systems to the planet-satellite systems (Murray & Dermott 1999) . Due to tidal dissipation (Goldreich & Peale 1966) , given enough time, the eventual fate of two bodies circling each other is the synchronous state. If the satellite is trapped in such a state, its rotation period is same as the mutual orbit period, so it has its one-side always facing the other body, such as the Moon in our Earth-Moon system. In literature, we also call the synchronous state as being trapped in the 1:1 spin-orbit resonance. Except the 1:1 one, there are other spin-orbit resonances in which one bodyâȂŹs rotation period is commensurate with its orbital period. Nevertheless, till now Mercury is the only natural celestial body in the solar system which ⋆ E-mail: houxiyun@nju.edu.cn is confirmed to be trapped in a spin-orbit resonance other than the 1:1 one.
The inherent dynamics of spin-orbit resonances is spinorbit coupling, a mechanism by which the satelliteâȂŹs rotation and its orbital motion influence each other. There are tremendous work on the spin-orbit coupling problem, from specific resonances to chaotic rotations. To list only a few, please see (Wisdom et al. 1984; Celletti 1990a; Celletti 1990b; Noyelles et al. 2014; Quillen et al. 2017) . Most of these studies assume an invariant mutual orbit, i.e., neglect the influence from the satellite's rotational motion on the orbital motion. This assumption is valid, in the sense that the satellite is usually much smaller compared with the planet, and its size is much smaller compared with the mutual orbit distance. However, this assumption is challenged when studying spin-orbit coupling in binary asteroid systems. The two asteroids usually are highly nonspherical, close to each other, and may have masses comparable to each other. Usually there are strong spin-orbit cou-pling in binary asteroid systems (Maciejewski 1995; Scheeres 2004; Scheeres et al. 2006; Fahnestock & Scheeres 2006; Chappaz & Howell 2015; Ferrari et al. 2016; Shi Y. 2017; Hirabayashi et al. 2019) . The assumption of an invariant mutual orbit may cause qualitative difference from the real physics when studying spin-orbit coupling in these systems .
Till now, only three states of binary asteroid system are confirmed (Margot et al. 2015; Walsh & Jacobson 2015; Pravec et al. 2016) : (1) the doubly synchronous state in which both the primary and the secondary are trapped in 1:1 spin-orbit resonance; (2) the synchronous state in which only the secondary is trapped in 1:1 spin-orbit resonance;
(3) the asynchronous state in which both asteroids are not in 1:1 spin-orbit resonance. Except a few candidates of the doubly synchronous state, the majority of the discovered binaries are either in the synchronous state or the asynchronous state. Since our focus is spin-orbit resonances, this study is devoted to the secondaryâȂŹs rotation in a synchronous binary asteroid system. By simultaneously considering the orbital and rotational motions: (1) We try to answer the question that to what extent the mutual orbit eccentricity and the libration amplitude can be for a specific synchronous binary system. (2) In the case that the sec-ondaryâȂŹs mass is much smaller than the primary, we find that the results of the classical spin-orbit theory can be recovered from our model. However, when the secondaryâȂŹs mass is non-negligible, the difference between the two models is obvious. (3) We find the anti-correlation between the orbit eccentricity and the libration amplitude. For a specific binary asteroid system, the larger the orbit eccentricity is, the smaller the maximum libration amplitude is. These findings can help us understand the phenomenon that synchronous binary asteroid systems generally have small orbit eccentricities (Pravec et al. 2016) . One remark is that in this study we only consider the mutual gravity between the two asteroids, neglecting the long-term tidal and thermal effects.
Different from previous work which usually reduces the Hamiltonian to the form of a perturbed simple pendulum, we carry out our work in the approach of periodic orbits. This approach is often used to study orbital resonances in the solar system (Broucke 1969; Hadjidemetriou 1975) , but seldom used in the study of spin-orbit resonances. We find that this approach is ideal for the purpose of this work. That is to find the maximum libration amplitude or maximum orbit eccentricity for the stable 1:1 spin-orbit resonant configuration. The model used in this study is simple, composed of a sphere primary and an ellipsoidal secondary. By choosing a sphere primary we can exclude the prima-ryâȂŹs rotation from our study and we only focus on the secondaryâȂŹs rotation. This model has been used by some previous researchers on general dynamics of binary asteroid systems (Bellerose & Scheeres 2008; Gabern et al. 2006; Mcmahon & Scheeres 2010) .
The paper is organized as follows. Section 2 introduces the dynamical model used in this study and equations of motion (EOMs) in the secondaryâȂŹs body-fixed frame. For the exact 1:1 spin-orbit resonance, the primary in the sec-ondaryâȂŹs body-fixed frame is stationary at equilibrium points (EPs). Section 3 studies the stability of these EPs. Focusing on the stable EPs, section 4 studies the two basic families of periodic orbits. We find that genealogy of the two families is same as that of the long and the short-period family around triangular libration points of the restricted three-body problem (Henrard 2002; Hou & Liu 2009 ), and also same as that of the two planar families around the equilibrium points in the body-fixed frame of a uniformly rotating asteroid (Feng & Hou 2017; Jiang & Baoyin 2019) . In section 5, we relate our model with the classical spinorbit resonance model, and relate our mathematical results with physics of the binary asteroid systems. In this work, we mainly focus on the binary (65803) Didymos system, but some general analysis is also made.
MODEL DESCRIPTION
The dynamical model used in this paper is described in this section. Since we focus on the spin-orbit resonance of the secondary, we use the simple model composed of a sphere primary and a tri-axial ellipsoid secondary. Further, we assume that the secondary rotates along its shortest axis and its equator coincides with its orbital plane. As a result, the problem is planar. Fig.1 shows the geometry of the system. The coordinate system O − XY is the body-fixed frame of the secondary B. The inertial frame O − x y also has its origin at the secondary. θ B is B's rotation angle. θ is the phase angle of the primary's position vector in B's body-fixed frame, and r is the distance between the secondary and the primary. The angles satisfy equations:
The semi-axis and masses of secondary and primary are denoted as
Non-spherical gravity coefficients J B 2 and J B 22 of the secondary are given by (Balmino 1994 )
The reference radius a B is defined as 
In the above units, the potential function V, system's energy E, and system's total angular momentum K are
in which
From Eq.4, equations of motion are :
Note that we can use the conservation of the total momentum to reduce 1 DOF (degree of freedom) of Eq.7. According to the fourth equation of Eq.4, by expressing θ B as a function of K, θ and r, and by substituting the relation to the first two equations of Eq.7, we have
In which
Now, Eq.8 is a 2-DOF dynamical system. Note that Eq.8 is identical to Eqs. (18) and (19) in (McMahon J.W. 2013) where the non-spherical terms are expressed as the secondary's moments of inertia and different units are used. There is an energy integral for Eq.8, which is the energy integral given by the second equation of Eq.4. We call the curve described by
as the zero velocity curve (Z.V.C.). Besides the Z.V.C., there are four EPs of Eq.8 (Wang & Xu 2018) , which we will address in the following subsection.
EXACT 1:1 SPIN-ORBIT RESONANCE-EQUILIBRIUM POINTS

Position of the EPs
When the secondary enters the exact 1:1 spin-orbit resonance, the mutual orbit appears as circular and the secondary's long or short axis exactly points at the primary in one orbital period. Viewing the primary in the secondary's body-fixed frame, the primary A appears stationary in this frame, i.e. A is stationary, at the EPs of the secondary's long or short axis. In B's body-fixed frame, the EPs are found by setting all velocities and accelerations to zero in Eqs.8. As a result, we have
For a fixed value of K, the value of r can be solved from the second equation of Eq.11. Denote this value as r 0 . Eq.11 means that there are four EPs of Eq.8. Two lie on the long axis of B, and the other two lie on the short axis of B. Obviously, EPs with θ = 0 or θ = π are on B's long axis and EPs with θ = π/2 or θ = 3π/2 are on B's short axis. Denote the distance from EP to secondary as r 0 . Due to symmetry, there are two configurations of the exact 1:1 spin-orbit resonance, as shown in Fig.2 . The left configuration corresponds to the case of two EPs on B's long axis, and the right configuration corresponds to the case of two EPs on B's short axis. As a result, in the following we only focus on θ = 0 and θ = π/2 In this study, as an exmaple we will focus on the binary asteroid system (65803) Didymos. Some parameters of the system are given in Table. 1 (Michel et al. 2016 ). According to Table 1 and Eq.3, the length unit for this binary system is [L] = 975.6m. As a result, the dimensionless mutual orbit is r = 2.1525 between the secondary and primary. Assuming that the primary is stationary at the EP exactly (i.e. r 0 = r), if the configuration is the left frame of Fig.2 , then the angular momentum is K = 0.0132, and, if the configuration is right frame of Fig.2 , then the angular momentum is K = 0.0131.
The parameter K
Eq.11 means that the value of EP's position r 0 depends on the value of K. Taking the EP on B's long axis as an example, Fig.3 shows the relation between r 0 and K. Obviously, r 0 increases with K. As a result, K is a parameter indicating the size of the synchronous system. Not all values of K are feasible, because r 0 cannot be less than 1 in the units of Eq.3. Considering the condition r 0 ≥ 1, the minimum value of K can be obtained from Eqs.11, as shown in Eq.12. For the Didymos system, K min = 0.00913 for the EP on the long axis (θ = 0), and K min = 0.00908 for the EP on the short axis (θ = π/2).
Stability of the EPs
Denote X = (r, θ, r, θ)
The 2 nd order form of Eq. 8 can be rewritten in its 1 st order form as
where detailed form of F(X, K) is a plain fact from Eq.8. The EP of the above equation is denoted as
Expand Eq.13 around this EP, i.e., X = X 0 + ∆X, then we have
where 
There are several cases for the stability of the EPs. If both s 1 and s 2 are real and both are smaller than zero, then the EPs are stable. If both s 1 and s 2 are real but one is larger than zero, then the EPs are hyperbolic unstable. If s 1 and s 2 are complex, then the EPs are complex unstable.
For the Didymos system in Table. 1, we have s 1 = −0.0526; s 2 = −0.1014 for the EP on B's long axis, and s 1 = 0.0535; s 2 = −0.0999 for the EP on B's short axis. That means the EPs on B's short axis are hyperbolic unstable, and EPs on B's long axis are stable.
We take a step further to study more general cases. We change the value of r 0 and µ to see how the stability of EPs change with these parameters. Fig.4 shows the stability contour map w.r.t. the distance r 0 and the mass parameter µ. The left frame is for the EPs on B's long axis and the right frame is for the EPs on B's short axis. Notice that r 0 indicates the distance between the EP and the secondary, and µ indicates the ratio of B's mass to the total mass. For the EPs on B's long axis, they are stable for small values of µ. However, they may become unstable when µ is larger than 0.5, i.e., B becomes the primary. For a fixed value of µ, there is a limiting value r 0 , smaller than which the EPs on the short axis becomes unstable. This phenomenon is already pointed out by previous studies (Scheeres 2009; . For Eps on the short axis, they are unstable for small values of µ, i.e., a large primary with a small ellipsoid secondary. However, they can be stable if µ is large enough, i.e., the ellipsoid B in Fig.1 becomes the primary and the sphere A becomes the secondary. In the limiting case µ = 1, this is identical to the stability problem of EPs around a uniformly rotating ellipsoid studied by previous work (Scheeres 1994; Feng & Hou 2017) .
FAMILIES OF PERIODIC ORBITS AROUND EQUILIBRIUM POINTS
According to (Pravec et al. 2016) , for binary asteroid systems discovered till now the b B /a B value of the secondary is mostly in the interval 0.65 to 1, i.e., a B /b B value is in the interval 1 to 1.53. For a typical mutual distance of about 4 times the primary's radius (Walsh & Jacobson 2015 ) and a mass ratio of secondary to primary less than 0.2, according to Fig.4 the EPs on the secondary's long axis are stable. Focusing on this stable equilibrium point, this section studies periodic orbits around it.
Solution to the linearized system
Let r = r 0 + ξ, θ = θ 0 + η, expand Eq.8 around the EP, and only retain the linear terms, then we have Eq.18.
For the EP at the secondary's long axis, we have θ 0 =0. Solution to the above equation is for which following relation holds
in which ω 1 = √ −s 1 and ω 2 = √ −s 2 are two basic frequencies of the linearized system. Expressions of s 1 , s 2 are given by Eq.17. The constants of integration C 1 , C 2 , D 1 , D 2 are functions of the initial conditions ξ 0 , η 0 , ξ 0 , η 0 , in the form of
According to the above expressions, we know that by properly choosing the initial value, we can set C 2 = D 2 = C 2 = D 2 = 0 and Eq.19 is reduced to the form of
which is a periodic orbit with a period of 2π/ω 1 . We can also set C 1 = D 1 = C 1 = D 1 = 0, and Eq.19 is reduced to the form of
which also describes a periodic orbit, with a period of 2π/ω 2 . According to the above studies, we know that there are two basic frequencies ω 1 and ω 2 for motions around the stable EP. Suppose ω 1 ≤ ω 2 , we call the periodic orbit given by Eq.24 long-period orbit and the periodic orbit given by Eq.25 short-period orbit. As an example, Fig.5 shows the shortand the long-period orbit. We denote the amplitude of the period orbit as the distance between the EP and the right intersection point of the periodic orbit with the ξ axis, and Figure 5 . The configuration of long and short-period orbit in the linearized system. Note that the ordinate η is not the Y coordinate of the body-fixed frame, but the deviation of the angle θ from the EP (see the definition of η at the beginning of section 4.1). Same definition of orbit amplitude and libration amplitude also goes for the short-period orbit.
we denote the libration width as the absolute value of the η coordinate of the uppermost/lowermost point in Fig.5 . From this figure, it is obvious that the long-period orbit is more elongated than the short-period orbit, i.e., for same orbit amplitude, the libration amplitude of the long-period orbit is much larger than the short-period orbit.
Families of long and short period orbits
According to Lyapunov's center theorem, under the assumption that ω 1 and ω 2 are incommensurate, there are two families of periodic orbits emanating from the stable EP. Starting from the linearized solution given by Eq.24 and Eq.25, these two families of periodic orbits can be computed using the well-known predict-correct algorithm. Details of this technique are omitted here. Readers can refer to references (for example, Henrard (1970) ; Doedel et al. (2007) ; Lei & Bo (2018) ; Xin et al. (2016) ). For large amplitude periodic orbit, one remark is that the linear solution obviously deviates from the true periodic orbit, as the example shown in Fig.6 . For the short-period orbit shown in the right frame, the black curve is the true periodic orbit and the red dashed curve is the integrated orbit with initial conditions provided by the linear solution. The deviation between the two is observable but not so obvious. For the long-period orbit shown in the left frame, for the same orbit amplitude, the two orbits seem close to each other. However, notice that linear solution is far from being a closed curve. One remark is that the coordinate of Fig.6 is the body-fixed frame of B, but not the one in Fig.5 . Fig.7 shows some example orbits of the long-period family (left) and the short-period family (right). For the longperiod family, with the period increasing, the long-period orbit's shape becomes more elongated, twines, and finally terminates onto a short-period orbit traveling twice. Fig.8 shows the characteristic curves of these two families. The abscissa is the orbit amplitude and the ordinate is the period. The black dots in Fig.8 correspond to orbits in the left of Fig.7 , and the red dots correspond to orbits in the right of Fig.7 . The fact that the long-period orbit terminates onto a short-period orbit traveling twice is obvious in this figure.
Genealogy and stability of families of periodic orbits
For the case shown in Fig.7 and Fig.8 , ω 2 /ω 1 ∈ [1, 2], and the long-period family terminates onto a short-period orbit traveling two times. By using different parameters for the binary system, our studies find that if ω 2 /ω 1 ∈ [k, k + 1], the long-period family terminates onto a short-period orbit traveling k + 1 times. We report this finding without giving any further details. This finding is interesting. It means that the global genealogy of the long-and the short-period families are same as that of the long-and the short-period families around triangular libration point of the circular restricted three-body problem (Henrard 2002; Hou 2009; Hou & Liu 2009 ) and also the same as that of the two periodic orbit families around the EP in the body-fixed frame of a single uniformly rotating asteroid (Feng & Hou 2017; Jiang & Baoyin 2019) .
Stability of periodic orbit is usually characterized by its Monodromy matrix M, which is the state transition matrix taken at one orbital period. For the Hamiltonian system, eigenvalues of the matrix M usually appear in pairs (Arnold & V. 1983 ), i.e., if λ is the eigenvalue of M, λ −1 is also the eigenvalue of M. Since we are treating with an autonomous system, one pair of the eigenvalue is always 1. As a result, eigenvalues of the matrix M for the planar long-period or the planar short-period orbit in our case are of the form 1, 1, λ, λ −1 . We define the stability index as s = λ+λ −1 = trace(M)−2. The periodic orbit is stable if |s| < 2 and is unstable if |s| > 2 (Hou & Liu 2008) . For the longperiod and the short-period orbit studied in this subsection, the curve of the stability index w.r.t. the orbit amplitude is given in Fig.9 . The black curve is for the long-period family and the blue curve is for the short-period family. The two dashed lines indicate the region −2 ≤ s ≤ 2. Judging from the figure, we know that both long-period orbits and shortperiod orbits are stable if their amplitude is small. With the amplitude increasing, the long-period orbit becomes unstable at the critical orbit C l , and the short-period orbit becomes unstable at the critical orbit C s , as illustrated in Fig.9 . The shapes of the two critical orbits C l and C s are given in Fig.10 . Judging from Fig.9 , the long-period orbit is unstable when it larger than the orbit C l , or the short-period orbit is unstable when it larger than the orbit C s . In the following section, we will use these two critical orbits to study the maximum orbit eccentricity or the maximum libration ampltidue of the 1:1 spin-orbit resonance for binary asteroid systems.
STABILITY ANALYSIS OF THE 1:1 SPIN-ORBIT RESONANCE
In the body-fixed frame of the secondary, in section 3 we have studied the EPs which correspond to exact 1:1 spinorbit resonances of the secondary, and in section 4 we have studied families of periodic orbits emanating from the stable EP. In this section, we interpretate these results in the physical space, trying to relate our findings with classical spin-orbit theory and some observation facts of the binary asteroid system.
Physical interpretation of two families of periodic orbits
This section relates the long-and the short-period family to the results of classical spin-orbit theory. We find that under the limiting case (µ → 0), our model reduces to the classical spin-orbit model. The long-period frequency ω 1 is actually the free libration frequency of the classical spin-orbit model ω lib , and the short-period frequency ω 2 is actually the frequency of the forced libration induced by the mutual orbit's eccentricity in the classical spin-orbit model, which is also the orbital frequency n. Further, we find that the amplitude of short-period orbit can be interpreted as the orbit eccentricity. The libration width of the short-period orbit is exactly the forced libration amplitude given in the classical spin-orbit model for µ → 0, but gradually deviates from it for large values of µ, i.e., large secondary to primary mass ratio. This phenomenon is already pointed out by (Naidu & Margot 2015) in their numerical simulations.
Here we provide an explanation to it. First, we make a very brief introduction to the classical spin-orbit theory. Readers can refer to (Murray & Dermott 1999 ) for more details. The classical theory assumes an invariant Keplerian mutual orbit and only studies the secondary's rotational motion, i.e., the angle Θ and the mutual distance r in Fig.1 are only functions of time, but not variables of the system. For the planar problem, a well-known fact is that equations of the secondary's rotational motion follows Figure 6 . One example long-period orbit (left) and one example short-period orbit (right) in B's body-fixed frame, for which K = 0.01 and the orbit amplitude is 0.014. In each frame, the black curve is the accurate periodic orbit, and the red dashed curve is the linearized solution. The red star is the EP. Fig.8 . For the long-period orbits, with the period increasing, the orbit's shape first becomes more elongated, then twines itself, and finally terminates onto a short-period orbit traveling twice. For the short-period orbits, with the period increasing, the amplitude of the short-period orbits simply increases.
where, 
where we assume m B ≪ m A and n 2 = Gm A /r 3 . For the 1:1 spin-orbit resonance in this study, p = 1 and H(1, e) = 1 − 5 2 e 2 + 13 16 e 4 ≈ 1
As a result, the free libration frequency ω lib is
Besides the free libration, the orbit eccentricity causes forced libration of the secondary's rotation, with a frequency same as the orbit frequency n, and an amplitude of 1 A f or ced = 2n 2 e n 2 − ω 2 lib (31) Figure 8 . Characteristic curves of the long-and the short-period families. Black curve indicates the long-period orbits, and red curve is the short-period orbits with their period doubled.The black dots correspond to orbits in the left of Fig.7 , and the red dots correspond to orbits in the right of Fig.7 . The two curves intersect each other at the critical short-period orbit (see local magnification of this figure).
Next, we come back to the model used in this work. For the limiting case µ → 0, according to the expressions given in appendix A, we have
According to Eq.17, we have
Obviously, the short-period frequency ω 2 is the orbital frequency n in the limiting case. As for the long-period frequency ω 1 , paying attention that we are using nondimensional units and noting the fact that
it's easy to know that ω 1 = ω lib . As a result, for the limiting case where the secondary's mass is negligible, the longperiod component actually corresponds to the free libration of the 1:1 spin-orbit resonance in the classical model.
Finally, we study the libration width of the short-period orbit in the limiting case. Rewrite the linearized short-period orbit given by Eq.25 as
According to Eq.21, we have
In the limiting case a 42 = −ω 2 lib , a 43 = −2n/r 0 , so we have
37) Figure 9 . Stability curve of the long-period family and the shortperiod family. The ordinate is s = tr ace(M) − 2 and the abscissa ξ m a x is the orbit amplitude. Black curve indicates the stability of the long-period family and blue curve is the short-period family.
The red dashed lines are boundary of the stable region which ranges from -2 to +2. C l is the critical orbit of long-period family and C s is the critical orbit of short-period family. Figure 10 . The critical orbits of the primary in the secondary's body-fixed fram for the Didymos system. The orbits C l and C s are already denoted in Fig.9 . θ m a x is defined as the maximum libration angle. α is the maximum deviation of short-period orbit in X axis. Red star is the EP.
If we define the amplitude parameter α of the short-period orbit as
the libration width of the short-period orbit (see its definition in Fig.5) is
Comparing Eq.39 with Eq.31, itâȂŹs reasonable to say that α is the orbit eccentricity e, and the libration width of the short-period orbit in the limiting case given by Eq.39 is exactly the amplitude of the forced libration in the classical spin-orbit model given by Eq.31. The above arguments tell us that our model can be reduced to the classical spin-orbit theory in the limiting case of µ → 0, by equating the long-period component with the free libration in the classical spin-orbit theory, and by equating the short-period component with the forced libration caused by the orbit eccentricity in the classical spin-orbit theory. However, for large values of µ, due to the fact that the mutual orbit is far from being invariant, we can expect the obvious difference between the two models, as already pointed out by previous analytical work for spin-orbit resonances other than the 1:1 one . In this study, we focus on the 1:1 spin-orbit resonance, by showing the difference between ω 1 and ω lib , between ω 2 and n, and between the short-period orbit's liberation amplitude with the forced libration amplitude by orbit eccentricity in classical theory. One example is given by Fig.11 and Fig.12 Using the Didymos shape parameters in Table. 1, we assume that the Didymos system enters the 1:1 exact spinorbit resonance state. The distance between primary and secondary is fixed as R = 2100m, but we change the secondary's volume (i.e. secondary's mass m B ). As shown in Fig.11 , the short-period frequency ω 2 equals the mutual orbit frequency n, and the long-period frequency ω 1 equals the free libration frequency ω lib , when µ → 0. With the increase of µ, difference between our model and the classical model becomes obvious.
Next, we compare the forced libration amplitude due to orbit eccentricity in the classical model which is computed by Eq.31, with the libration amplitude of the short-period orbit in our model. The result is shown in Fig.12 . We use the linearized solution of the short-period orbit, so the libration amplitude of the short-period orbit is computed by Eq.36, with α computed by Eq.38 whereα equals the orbit eccentricity e. In Fig.12 , we set e = 0.03. As already being proved above, the two libration amplitudes equal each other for the limiting case µ → 0. However, according to Fig.12 , difference between the two is obvious for secondaries with non-negligible masses. This difference is already noticed by previous researchers in their numerical simulations (Naidu & Margot 2015; Pravec et al. 2016) . Here, we provide an explanation to the difference.
Studies in this subsection indicate that our model can be reduced to the classical spin-orbit model in the limiting case of µ → 0, in the sense that the long-period component can be interpreted as the free libration and the short-period component can be interpreted as the forced libration caused by the orbit eccentricity. However, the two models show an obvious difference if the secondary's mass ratio µ is not negligible, which is often the case for binary asteroid systems. For such binary systems, influence from the secondary's nonspherical terms on the mutual orbit is not negligible, so the force model described by Eq.7 or Eq.8 is recommended.
Stability analysis based on periodic orbits
According to the arguments in the above subsection and Fig.10 , we can safely say that the maximum libration amplitude θ max of the critical long-period orbit C l is the maximum libration angle of the 1:1 spin-orbit resonance (denoted Figure 11 . Curves of frequencies w.r.t. the mass parameter µ. ω 1 and ω 2 are the long-and the short-period frequency. ω l i b is the frequency of the free libration computed by Eq.30, and n is the orbital frequency. Figure 12 . Black curve is the libration amplitude of the shortperiod orbit in our model which is computed by Eq.36. Red curve is the forced libration amplitude in the classical spin-orbit theory which is computed by Eq.31. The two equals each other for the limiting case µ → 0, but obviously deviate from each other for large values of µ.
in Fg.10), which is usually smaller than 90 • , and the maximum orbit eccentricity e max for the 1:1 spin-orbit resonance (denoted in Fig.13 ) is the maximum of eccentricity of the critical short-period orbit C s . For a synchronous binary asteroid system, we can compute the long-period family and the short-period family and find out these critical orbits, as we did for the Didymos system.
For a synchronous binary asteroid system, its mutual orbit is gradually altered by the so-called BYORP effect (Ä ֒ Euk & Burns 2005; Mcmahon & Scheeres 2010) and the tidal torque. The mutual orbit may shrink, expand, or achieve a long-term balance (Jacobson & Scheeres 2011) , depending on the torqueâȂŹs direction due to BYORP. As a result, for a specific binary asteroid system, it is interesting to study the maximum libration angle and maximum orbit eccentricity at different values of the mutual orbit distance. Figure 13 . the value of orbital eccentricity of the critical shortperiod orbit during one period. Corresponding the definition of θ m a x in Fig.10 , the e m a x is defined as the maximum value during the critical short-period orbit. Figure 14 . The upper limit of physical parameters in Didymos. Black line is the maximum of librational angles of long-period orbit. Blue line is the maximum value of orbital eccentricity of the critical short-period orbit. Taking the Didymos system as an example, Fig.14 shows the maximum libration angle θ max and the maximum orbit eccentricity e max w.r.t. the mutual orbit distance r 0 . From the figure, we know that the maximum libration angle/orbit eccentricity increases/decreases with the mutual orbit distance.
If the BYORP torque works in the same direction as the tidal torque, the orbit gradually expands and the libration amplitude of the 1:1 spin-orbit resonance gradually increases due to the so-called adiabatic invariance (Jacobson et al. 2014) . When it exceeds the maximum value θ max , the synchronous state is broken, forming the so-called wide asynchronous binary asteroid system (Jacobson et al. 2014) . According to Eq. (93) and Eq. (95) of (Mcmahon & Scheeres 2010) , we have
This means that the orbit eccentricity is also changing when the orbit is migrating inwards or outwards, but at a much lower speed if the orbit eccentricity is not large. As a result, itâȂŹs also possible that the orbit eccentricity exceeds the e max value before the libration angle exceeding the θ max value, and the secondaryâȂŹs synchronous state is broken. This mechanism may also provide a way to explain the origin of the asynchronous binary asteroid systems, especially for those with relatively large orbit eccentricities. Some further studies are necessary for this assumption and we will report our findings in a forthcoming paper. Results in Figs.14 put an upper limit on the orbit eccentricity for specific synchronous binary asteroid systems. Taking the binary systems with large orbit eccentricities listed in Table 1 of (Pravec et al. 2016) as an example, Table 2 lists the upper limit of e max for these systems by us and those in (Pravec et al. 2016) . Compare the e max values given by us and those in (Pravec et al. 2016) , it seems that for some binary asteroid systems, their orbit eccentricity can be better constrained if we require the synchronous state to be stable.
In reality, viewing the primaryâȂŹs trajectory in the secondaryâȂŹs body-fixed frame, it is not periodic but quasi-periodic, i.e., both the long-period and the shortperiod component exist. More accurate analytical description of the quasi-periodic motion is possible, by extending the linear solution by Eq.19 to high orders, using the socalled Lindstedt-PoincarÃl' technique (Jorba & Masdemont 1999; Hou & Liu 2011) or other perturbation techniques. However, it is a tedious process which we try to avoid. Keeping to the linear solution, we carry out the following numerical experiment. First, we rewrite Eq.19 as
According to studies above, we know that α is the orbit amplitude of the short-period orbit and β α 1 is the orbit amplitude of the long-period orbit. According to Fig.5 and studies in section 5.1, we know that α/r 0 is an indicator of the orbit eccentricity, and β is an indicator of the libration amplitude. By choosing different values of α and β, we actually choose different trajectories. Integrate these trajectories for some time T int . If the synchronous state is broken within this time, it means that the combination of α and β is not possible for the synchronous state. If the synchronous state is preserved after this time, it means that the combination of α and β corresponds to a stable synchronous state, at least within the integration time T int . Taking the Didymos system as an example, Fig.15 shows the results of the numerical experiment for which T int = 150.
Judging from Fig.15 , an obvious feature is an anticorrelation between the orbit eccentricity and the libration amplitude of the synchronous state. That is, for a fixed value of the libration amplitude, there is a critical value of the orbit eccentricity e c beyond which the 1:1 synchronous state is unstable. The e c value decreases with increasing libration amplitude β. As a result, the larger the libration amplitude is, the smaller the possible orbit eccentricity for the stable 1:1 synchronous state is. This may help researchers understand the fact that most observed synchronous binary as- teroid systems have small orbit eccentricities (Pravec et al. 2016) , because the orbit eccentricity cannot be larger than e max , which according to Fig.14 and Table 2 , is usually not large.
DISCUSSION
The current study neglects the non-spherical terms of the primary. A natural question is what happens when the nonspherical terms of the primary are included. In this case, we have to simultaneously consider the primaryâȂŹs rotation, and the model described in Fig.1 is changed to the one in the following Fig.16 . Another angle φ is introduced to describe the relative geometry of the primary w.r.t. the secondary. In this case, equations of motion are changed from Eq.7 to the form of )
where the coefficient A 2 is same as the one in Eq.7, and the coefficient A 1 is updated as
where α B = a B /[L], and the coefficient A 3 is defined as The mutual distance is computed by taking a two-body relation from the masses and the orbital period, assuming a circular orbit. c For the two asteroids, their mass is computed by assuming b A = c A and b B = c B . Figure 16 . Relative geometry of the planar two-ellipsoid model for the binary asteroid system
Usually, the introduction of the primaryâȂŹs non-spherical terms also brings the frequency of the primaryâȂŹs rotational motion to the system. If the primaryâȂŹs rotational motion is not synchronous with its orbital motion, the exact synchronous state of the secondary no longer appears as an EP in the body-fixed frame of the secondary, but as a periodic orbit forced by the primaryâȂŹs rotation. In literature, we call this forced motion as dynamical substitute (Chappaz & Howell 2015) , and the periodic orbits studied in the current work become quasi-periodic orbits around the periodic dynamical substitute. Nevertheless, the amplitude of the dynamical substitute is usually small. For synchronous binary asteroid systems discovered till now, the primary usually rotates much faster than the orbital motion, so we can simply average Eq.41 by simply neglecting the short-period terms for the 1:1 spinorbit resonance. The equations of motion after average are 
which has an exactly same form as Eq.7 but only the term A 1 differs from the one in Eq.7, in the sense that the extra term α A J A 2 appears (see Eq.6 and Eq.42). Methods for the above studies can be also applied to Eq.42. Considering the fact that the term α A J A 2 is usually larger than the term α B J B 2 due to the fact that A is larger than B, consideration of primary's non-spherical terms will introduce some modifications to the stability of the binary asteroid system. We will report these findings for the averaged system described by Eq.44 in a forthcoming paper, along with the periodic contributions from the primary's rotational motion which also influence the stability of the binary asteroid system. Also, we will study the thermal effects which are neglected in the current study.
CONCLUTION
By using the simple planar full two-body problem and only considering the mutual gravity between the two bodies, the 1:1 spin-orbit resonance of the secondary in a synchronous binary asteroid system is studied in this paper. There are two differences of the current study from previous work. First, the orbital motion and the rotational motion are simultaneously considered. Due to the close mutual distance and highly non-spherical shape of the secondary, the model of considering a time-varying mutual orbit is reasonable, and shows obvious difference from the conventional model which assumes an invariant mutual orbit if the secondary's mass is non-negligible. Second, the approach of periodic orbits is taken in this study, different from the usual Hamiltonian approach.
Throughout the work, the 1:1 spin-orbit resonance is studied in the secondary's body-fixed frame, using a model composed of a sphere primary and an ellipsoidal secondary. By using the angular momentum K, the system is reduced to a dynamical system of 2-DOF. In the secondary's bodyfixed frame, exact 1:1 spin-orbit resonance appears as EPs, and general 1:1 spin-orbit resonance orbits appear as quasiperiodic orbits around the EPs, with two basic frequencies.
By studying the EPs and the periodic families, following findings are achieved:
(1) For an ellipsoidal secondary, the EPs on the secondary's long axis are stable while the EPs on the short axis are unstable. For stable EPs, there are two families of periodic orbits generating from them. One is the long-period family and the other is the short-period family. Genealogy between the two families is the same as that of the two planar families around triangular libration point of the circular restricted three-body problem, and the same as that of the planar families around the EP in the body-fixed frame of a uniformly rotating asteroid.
(2) In both families, there is a critical orbit larger than which the periodic orbit becomes unstable. For the critical orbit C l in the long-period family, its libration amplitude is the maximum libraiton amplitude of the 1:1 spin-orbit resonance, and for the critical orbit C s in the short-period family, its orbit amplitude is the maximum orbit eccentricity of the 1:1 spin-orbit resonance.
(3) In the limiting case µ → 0, results in the classical spin-orbit model are recovered, by equating the long-period orbit of our model with the free libration of the classical model, and by equating the short-period orbit of our model with the forced libration of the classical model. However, the two models show obvious difference for secondaries with non-negligible masses.
(4) We find the anti-correlation between the orbit eccentricity and the libration amplitude. For a fixed value of the libration amplitude, there is a critical value e c beyond which the synchronous state is unstable. This e c value decreases with increasing libration amplitude. That is, the larger the libraiton amplitude is, the smaller the orbit eccentricity is.
